We present a generalization of the Sutherland's multicomponent model.
ferromagnetic Heisenberg models. The BF system is instead a simple free spinless fermion Hamiltonian. One can also easily check that the B 2 F 2 system is the EKS model introduced by Eßler et al. [5] in their investigation of η-pairing superconductivity, and that the B 2 F 2 J=0
system corresponds to a bond-charge Hubbard model as discussed by Arrachea and Aligia [6] .
To avoid a too cumbersome notation, we employ a single colour index α = 1, 2, .., y, y + 1, .., z, with first y and last x = z − y labels referring to fermion and boson colours, respectively. To distinguish the statistics we then set ξ α = 1 (−1) for bosons (fermions). An immediate and important consequence which will be used later is that: and P i,j = P D i,j otherwise). Due to this property, P i,j is also defined in literature as a graded permutator [2, 5] . Henceforth we always refer to Eq. (2), because this is the definition consistent with Sutherland's notations.
In the oscillator representation Hubbard operators have the simple bilinear expression
As is well known [7] , the total operators Γ Cartan raising-lowering step operators, as for they change by ±1 the numbers N α , N β . As H commutes with both the algebras,
it follows that for each fixed value of N F (hence, of N B = N − N F ) the spectrum of H can be classified in multiplets of SU(y)⊗SU(x) [8] . Our task is to characterize the sector of the ground-state and, more in general, the ordering of the energy levels of the model (1) in one dimension. To this aim, we impose open boundary conditions, because this choice greatly simplifies the discussion.
• We consider the sector {N α } with definite values of the numbers N α . The main result of this paper is the proof that:
(B) For non-vanishing t and J, in any of the possible sectors {N α } the ground-state of the Hamiltonian (1) on an open chain is non-degenerate.
Denoting i 1 , .., i N 1 the positions of the particles of colour α = 1, then
those of the particles of colour α = 2, and so on, a basis {|a } of the sector is given the
that we order according to the fundamental regions
where all operators of same colour are grouped together, and where colour labels and, 
so that a ground-state can be chosen with non-negative coefficients, γ a = |γ a |.
The non-degeneracy of the ground-state is then proved by showing that for the groundstate the coefficient of each element of the basis is non-zero, γ a = |γ a | = 0, ∀a, as for no other ground-state with the same restrictions on the γ a 's can satisfy the orthogonality requirement. According to Perron-Frobenius theorem, the above more restrictive result holds provided two arbitrary states |a , |b are linked by the Hamiltonian [10] , namely one can find an integer Q such that b|H Q |a = 0. The Hamiltonian H satisfies this property whenever t and J are both different from zero. In fact, the site indices {j k } of the state
|0 define a permutation P of those, {i k }, of the state |a . As is well known, one can always resolve the total permutation P as a product of NN permutations
, where {l k } is exactly the sequence of site indices entering the decomposition of P . If t and J are both non-zero one has P|a = νP |a , where ν -if Q is assumed as the minimum integer allowing the decomposition -is a strictly positive constant.
Hence, we obtain | b|H Q |a | ≥ ν, because all other sequences of permutations contained in the expansion of H Q that in case link the states |a and |b contribute to the expectation value of b|H Q |a with the same sign. This concludes the proof of non-degeneracy of the ground-state for t = 0 and J = 0.
• The uniqueness of the ground-state (henceforth we avoid the case t = 0 or J = 0) is valid in any sector with fixed colour numbers, but of course one can have many degeneracies among distinct sectors. Indeed, the symmetries (4) allow a simple proof that: and from the uniqueness property we conclude that each of them must be the ground-state of its sector. This concludes the proof. By taking the thermodynamic limit one can then easily
show that the energy per site does not depend on the boundary conditions [11] , confirming and extending to the general J = 2 t case the Sutherland conclusion [3] that the B x F y and the BF y systems have not only the same ground-state energy per site but also the same ground-state (both equivalent by the SU(x) symmetry). This statement however holds only in one dimension, and cannot be extended to higher dimensions, where counter-examples exist [12] .
• The uniqueness of the ground-state |ψ also implies that all its quantum numbers are well defined. As usual in this case, these numbers can be identified by selecting some simple reference state |φ = a ρ a |a (e.g., ground state of a simple reference Hamiltonian) with non negative amplitudes ρ a = |ρ a | and for which the quantum numbers are known. By the non vanishing value of the scalar product φ|ψ = a |ρ a γ a | it follows that the ground-state must belong to the same sector.
The discussion of the ordering of energy levels and their associated quantum numbers in its generality is quite involved. For the sake of clarity, we now specialize to the simpler but physically most interesting case of the B 2 F 2 J system. For convenience we rename the Hubbard operators
and denote T i = (T x,i , T y,i , T z,i ), where T ±,i = T x,i ±iT y,i , and similarly for L i . We also denote 
respectively.
Result (C) and Eq. (9) imply that the ground-state of the B 2 F 2 J system is characterized by maximum value of the boson total spin, L = |L z | = N B /2. To discuss the value of the fermion total spin in the ground-state, we follow the approach of Lieb and Mattis [9] for the case of the Heisenberg model. After division of the chain into two sublattices A and B, we define the reference HamiltonianH
where
. The Hamiltonian (10) 
where the allowed values of T are
In the basis (5) the sign of the off-diagonal matrix elements of Eq. (10) is not definite.
However, to select a good reference state it is sufficient to consider the subset G of the basis vectors where the fermions occupy the first N F sites of the chain. In fact, it is not difficult to check that in the invariant subspace G the off-diagonal matrix elements ofH are non-positive, because in Eq. (10) permutations take place only between sites of different sublattices. The previous analysis (7) implies therefore that the amplitudes ρ a of the lowest energy eigenstate can be chosen non-negative. We conclude that the ground-state of H has the same quantum numbers of the reference state. In the subspace G one has
the t-J model on an open chain has minimum total spin S and is non degenerate (modulo the trivial twofold S z = ±1/2 spin degeneracy for N h odd).
In a similar fashion, the correspondence between the B [3, 5] , it is easy to find a counter-example, where the ground-state of the B 2 F J system (i.e., the ferromagnetic t-J model) does not belong to the sector of maximum spin BF J , (i.e., to the Nagaoka sector) but to the singlet sector [12] .
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